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In this work, an inverse problem of the transient transpiration cooling is investigated in detail. The hot
surface heat flux, which is dependent on time and space, is estimated according to the temperatures
measured by thermal sensors. The local thermal non-equilibrium (LTNE) model is used to describe
the energy conservation of transpiration cooling process and the thermal dispersion of coolant fluid
in considered. The conjugate gradient method (CGM) is applied to solve this inverse problem. The
accuracy of the inverse solutions is examined by a certain heat flux with given measurement errors.
The examination shows that the inverse method presented by this work can obtain satisfactory results.
The effect of variable thermal properties on the inverse solutions cannot be neglected since the large
temperature gradient close to the hot surface. The suitable measurement times and points should be
chose by considering acceptable accuracy, computational time and memory. Meanwhile, it is found out
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that the location should be close to the hot surface for more accuracy.

© 2008 Elsevier Masson SAS. All rights reserved.

1. Introduction

Transpiration cooling has been proven as an effective mecha-
nism of heat dissipation by a lot of investigators. In the investiga-
tions of [1-7], the cooling effectiveness on the hot surface exposed
to a high heat flux, the thermal boundary conditions, the tem-
perature distribution within porous matrix and the temperature
gradient near the surface were discussed under the conditions of
the heat flux given previously on the hot surface. But in actual
fact, it is very important to determine the heat flux for the tran-
spiration cooling control and ablation prevention. Glass et al. [8]
numerically analyzed the convection and transpiration cooling ef-
fect on the surface exposed to a high temperature combustor us-
ing a boundary layer code and a porous media finite difference
code, and solved the heat flux from the combustor with ther-
mal boundary layer. Haeseler et al. [9] investigated transpiration
cooled hydrogen-oxygen subscale chamber through experiments
and computations, in order to establish the reference heat flux pro-
file of the chamber, the pressures and temperatures at the inlet
and outlet of the chamber were measured. In a practical transpira-
tion cooling process, the heat flux on hot surface is dependent on
space, operation state and coolant injection conditions, and it is a
typical kind of inverse problems of heat transfer to determine the
heat flux.
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In recent years, the inverse problems have been discussed by
many investigators. Huang and Huang [10] determined simulta-
neously the spatial-dependent effective thermal conductivity and
volumetric heat capacity of a biological tissue based on temper-
ature measurements. Hong and Baek [11] estimated the unsteady
inlet temperature distribution for the two-phase laminar flow in
a channel by downstream temperature measurements. Huang and
Ozisik [12] calculated the spatial-dependent wall heat flux for the
laminar flow in a parallel plate duct through temperature measure-
ments. Li and Yan [13] solved an inverse problem for the unsteady
convection in an annular duct, and used temperature data to de-
termine the time and space dependent heat flux distribution on
the inner wall of the duct. Chen et al. [14] calculated the time
and space dependent heat transfer rate on the external wall of a
pipe system with temperature measurements. Lin et al. [15] inves-
tigated the heat transfer flux of the unsteady laminar forced con-
vection in parallel plate channels by temperature measurements.
Li and Yang [16] used genetic algorithm (GA) in inverse radia-
tion analysis for estimating the scattering albedo, optical thickness
and phase function in parallel plane. Kim et al. [17] estimated
wall emissivities by using hybrid genetic algorithm. Lee et al. [18]
using repulsive particle swarm optimization method for estimat-
ing the unknown radiative parameters. Lee et al. [19] utilized the
Karhunen-Loeve Galerkin procedure in the determination of the
space-dependent wall heat flux for laminar flow inside a duct from
the temperature measurement within the flow. However, these in-
vestigations were not aimed at the heat transfer within porous
media or transpiration cooling, and in the references of [11-15],
the assumptions of constant thermal properties and incompress-
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Nomenclature
X,y coordinate
X, Y dimensionless coordinate
H thickness of entire structure ........................ m
L width of entire structure ...................ol.l m
T EMPETAtUIe ...eviittet et a e eaenaenns K
Z dimensionless simulated temperature data
k thermal conductivity .......................... W/mK
hgf volumetric convective coefficient ............ W/m?K
Osf specific surface area ................coiiiiiiinn.., m~!
h interfacial convective coefficient ............. W/m?K
m coolant mass flow rate ....................... kg/m?s
M dimensionless coolant flow rate
c specific heat capacity .................coooeell J/kgK
q hot surface heat flux ........................... W/m?
Q dimensionless heat flux

St Stanton number
Bi Biot number
Greek symbols

e porosity

6 dimensionless temperature
Subscripts

s solid

f fluid

c coolant reservoir
a ablation

0 initial

e effective

ref reference

d dispersion

q(x,1)
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Fig. 1. Model of transpiration cooling.

ible fluid were used. It is clear that these assumptions may not
be suitable for transpiration cooling, because there is a very large
temperature gradient near the hot surface.

The inverse problem of the hot boundary is an important fac-
tor in the investigation on transpiration cooling, and the solution
method of this problem is different from that of the normally in-
verse problem as mentioned above [10-19], because it concerns
two coupled energy balance equations, flowing fluid and solid ma-
trix. This paper presents a solution of the inverse problems with
simulated temperature data. The aim is to provide the investiga-
tors with a relatively comprehensive conception to understand the
hot boundary performance.

2. Direct model

In this work, the physical model of transpiration cooling is
sketched in Fig. 1. Fluid coolant is injected into a porous matrix
with a mass flow rate of m at a reservoir temperature of T to pro-
tect hot surface of the matrix from severe heat flux of q. In this pa-
per, incompressible fluid and one-dimensional flow along y are as-
sumed, and two-dimensional local thermal non-equilibrium mod-
els are utilized. The thermal diffusion and dispersion of coolant
fluid are considered for more accurate estimation. The transient
energy formulations are written as:

0O e 4 (pevy 2L
Cc —_— cv —_—
PC)fe ot pPCV)f 3y

d aT el ar
=&(kf,ea—xf> +@<kf,ea—yf)+hsfa5f(n—rf) (1)

oT. 0 oT d aT.
(IOC)s,ea—tS = a(ks,e 8—xs> + @(ks,e 8—;> — hgpas(Ts — Ty)

Here, k. is the effective thermal conductivity: ks, = (1 — &)ks,
kfe=¢ekys +ky. kq is the thermal dispersion coefficient [20]:

vd vd
kd,X:O.lPr(pr—p)kf, kq,y :0.5Pr<pfu—p>kf

(pc)e is the effective thermal capacity:

(PO fe=e(p) s, (PO)s,e=(1—8)(0C)s

Initial condition:

t=0, x€[0,L], ye[0,H], Ts=Ty=To (2)

Here, initial temperature T is same as the initial coolant temper-
ature Te.

To solve the governing equations, four boundary conditions
are necessary. Wang and Shi [7] analyzed rationally five types of
boundary conditions by analytical solution of the LTNE model. Con-
sidering their analysis and conclusion, the following equations can
be suggested as boundary conditions:

oTs an
h(Ts — T¢) =kes— + ke r —=
t>0, _ (Ts ) e,s By + e, f ay (3)
h(Ts —T¢) :Thcf(Tf —Te)
k aTs _
e,s 3y y:H_q
t>0, y=H (4)
Ty
-7 =0
Y |y=n
aT. aT
t>0, x=0"2=2"1_9 (5)
0x ox
aTs oT
t>0, x=L23=2"TF_¢ (6)
ax X
Introduce the following dimensionless variables:
y X
YZE, X:E’ Tref:Ta_TC
T—-T Hmc
0= c i M= fCf ref 7)
Tref ek ref
0-— qH . hsfasfH2
1- S)ks,refTref’ - E)ks,ref
h
Ste=——— (8)
(,OVC)f,ref

T. is the temperature of coolant in the reservoir and T4 is the
ablation temperature of the porous matrix which the temperature
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of hot surface cannot exceed. Accordingly, the dimensionless tem-
peratures of solid and fluid only vary between 0 and 1. All the
reference properties are taken at the initial temperature of Ty. The
dimensionless formulations are rewritten as:

% M(k/pc)f,ref%
T (k/pc)s,ref aY

_ (pc)s,refi(kf,e %)

(C)s ref i( kf.e 3&)

B (pO) e 0X ks ref 90X (pO)fe Y ks ref 0Y
.(pocC
4 Bi (o )s,e,ref(gs —0p) 9)
(PO e
% _ (,Oc)s,refi( ks %) (pc)s,refi< ks %)
at (p0)s X \ ks ref 0X (p0)s Y \ ks rer Y
. (C)s,ref
— Bi-—"5 (6 — 0f) (10)
(p0)s : !
L
T:O,XE[O,E],YE[O,H, 0s =65 =00 (11)
05 = StcOs
Y =0, ke, ref 305 kpe 00f (12)
SteM ———0; = — —
T kse O 0Y + kse 0Y
ks 00 _
y=1, | KowerdY (13)
00f
40
aY
a6 26
x=0 _-"T_9 (14)
0X 0X
L BL) a0
==, =="1_p (15)
H X 09X

The direct problem (9)-(10) will be solved by finite difference
method. It must be noted that when the thermal properties of
coolant fluid and porous solid as thermal conductivity, capacity
are variable and only temperature dependent, the coefficients in
the non-linear equations and boundary conditions should be recal-
culated in each iterative step.

3. Conjugate gradient method for inverse problem

In the direct problem of transpiration cooling, the temperature
distribution of coolant fluid and porous solid in the porous matrix
is determined by the thermal properties, mass flow rate, initial and
boundary conditions. In the inverse problem, the variation of tem-
perature of coolant or porous is assumed to be measured inside
the porous matrix or on the hot surface. The dimensionless heat
flux on the hot surface Q (X, t) is predicted by the measured tem-
perature data. The solution of surface heat flux can be obtained by
minimizing the object function as below:

N M
=223 "0 7)) (16)

i=1 j=1

Here, 6(Y, X;, T;) is the computed dimensionless temperature with
an estimated Q (Y, Xj, 7j), Z;i(Y, X;, Tj) is the measured dimen-
sionless temperature. i is the number of the measurement point
along the X direction, N is the total number of the thermal cou-
ples embedded in the porous material. j is the number of the
measurement interval in the 7 direction, M is the total number of
measurement times in a given period of time. If Y =0, the mea-
surements are taken at the coolant surface. If Y =1, the measure-
ments are taken at the hot surface. If 0 < Y < 1, the measurements
are taken in the porous matrix.

The inverse problem is ill-posed, and the estimated result of
the heat flux is very sensitive to the measurement errors. That
means they might not have unique solution. However there are
many applications of inverse problem in engineering. To obtain a
stable solution, different mathematical methods, Conjugate Gradi-
ent Method (CGM) [11-15], Genetic Algorithm (GA) [16,17], Particle
Swarm Optimization (PSO) [18] and Karhunen-Loeve Galerkin Pro-
cedure (KLGP) [19] have been developed. The CGM is a quickly
convergent algorithm in these methods [14,18], therefore it is ap-
plied in this work. The heat flux can be approximated by the
following iterative process:

ptl—qpb,—pPdh, (17)

Here Qmn = Q (Xm, Tn), BP is the step size, dﬁw is the direction
of descent given by

aJ

db .=
m'” (anﬁn
Here, (8 J/0Qmn)P is the gradient of object function as:

M N
aJ Z Z a0,
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p
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(19)

Here, dﬁ[nl is the direction of descent at iteration p — 1, yP is the
conjugate coefficient which is calculated from

M N 9] \pPq2
. Zm:l Zn:l [(an,n) ] 0
T M N 8] \p—172°
Zm:l Zn:l[(ﬁ) ]
The step size BP is determined from
M N M N 96i,j \p
_ D=1 i {(95]- = Zij) D1 2ica (3me,.) dhn}
- M N M N 90 j \P 2
Zj:] Zi:] {Zmzl Zn:l (BQm{n) dg’hn}
Here, 96; j/0Qmn is the sensitivity coefficient which can be cal-
culated from the energy formulation by differentiating respect to
Qm,n- Considering the temperature dependent thermal properties,
the differentiations of thermal properties respect to Qmn , must be

included. The sensitivity coefficient equations and boundary condi-
tions are expressed as:
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p
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When the thermal properties are constant, the values of
3(0C)f.e/005, 0(pC)s/06s, kg o/06f, dks/305 and ks e /065 would
be zero, Egs. (22)-(23) can be solved by using the finite difference
approach referred to direct problem (9)-(10) previously.

When the thermal properties are variable, the non-linear equa-
tions (22)-(23) are more complicated than Egs. (9)-(10). It is no-
ticed that the values of 96;/d0t, 96;/0X and 06;/0Y (i =s, f)
have been known in previous calculation step, simultaneously, the
values of d(oc)f /365, 0kf /06, dks/00s and dks./d6s can be
calculated through the formulations given below. The non-linear
equations (22)-(23) also can be solved with the finite difference
approach. Accordingly, the coefficients in the sensitivity coefficient
equations and boundary conditions will vary with time when the
thermal properties are temperature dependent. Then the sensi-
tivity 90/90Qm,» must be recalculated in each measure time step
under this condition.

If the inverse problem contains no measurement errors, the it-
eration stopping criterion is | < 0,0 is a small specific positive
number, in this paper, it take as 107°.

However, the measurement data do contain random error with
a standard deviation 7, and then the stopping criterion is modified
as

J < NMn? (30)

The computational procedure for the inverse problem of tran-
spiration cooling is expressed as follows:

Step 1. Given an guess heat flux Q%n =0. Solve the energy equa-
tions (9)-(10) for the temperature 6; ;.

Step 2. Calculate the objective function J(16). If the stopping crite-
rion is satisfied the iteration procedure terminates. Otherwise
go to step 3.

Step 3. Solve the sensitivity equations (22)-(23) for the sensitivity
coefficient 36; j/9Qm,n.

Step 4. According 96; j/0Qm.n, 6;j and Z; j, compute 3J/9Qmn
(19), yP (20), b, (18) and BP (21).

Step 5. According db, , and gP, compute Q%' (17), set p=p + 1
and go to step 2.

4. Results and discussion

The accuracy of the present inverse method for the estima-
tion of the heat flux without prior information is illustrated by
using two kinds of heat flux formulation. The effects of variable
thermal properties, sensor location and measurement error on the
results are discussed. The simulated measured temperature data Z
are generated by adding random errors to the exact temperature
data 6 which are calculated from the solution of the given heat
flux:

Z=0+n¢ (31)

Where 7 is the standard deviation of the measurement tempera-
ture data, £ is a random variable within (—2.576)-2.576 for 99%
confidence bound.

In order not to affect the internal and external flow field, in
this paper, the thermal sensors are assumed to be embedded in
the porous solid. That means 6; ; and 36; j/dQm,n take as 65 ; ; and
00s.i,j/3 Qmn respectively.

Two kinds of time dependent heal flux on hot surface are writ-
ten as below

(7T 2 X
Gl Q(r):20abs(sm<ﬁ+u—1_]>> (32)

G2. Q(t) =10+ 10cos( = +2”X (33)
’ - 018 L/H

In this work, the thermal properties of the coolant fluid and
porous solid are considered as only temperature dependent and
taken as below:

ks (W/mK) =7.86+1.73 x 1072T — 1.50 x 107°T2

+9.14 x 107°13 (34)
ks (W/mK) = 5.49 x 1072 (35)
cps (J/kgK) = 422.69 4 0.26T — 3.22 x 107412

+1.92x 1077713 (36)
cpr (J/kgK) =1029.18 — 0.23T +5.86 x 107472

—245x1077T3 (37)

ps (kg/m?) = 7860, T, (K)=1250

T (K) =Tp (K) =293 (38)
Other parameters in this paper are taken as below:

=023,
Pr=0.7,

Bi=5.0E3, Stc=1

M=20E2, L/H=2 (39)

The measurements are taken at the hot surface by default. The
comparison between the exact heat flux and the inverse solutions
obtained with no measurement errors are shown in Fig. 2. It can be
found from Fig. 2 that the inverse solutions are in well agreement
with the exact results.

Fig. 3 shows the influence of the variation in thermal proper-
ties on the inverse solutions. The two heat fluxes of the inverse
solutions obtained by constant thermal properties obviously under-
estimate the heat flux. These results are reasonable. If the thermal
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— Given 1 = |nverse 1Y=1
— Given 2 ®* |nverse 2 Y=1

—G1 =
G2 .

Inverse 1
Inverse 2

Fig. 2. Inverse solutions with two case heat flux formulation and no measure errors:
(a) at T =0.1, (b) at X =0.45.

properties are mutative, they would increase as temperature raise
according the relationship formulations. Therefore, under the same
heat flux, the direct solutions with varied thermal properties can
obtain lower temperature than that with constant thermal prop-
erties [2]. Correspondingly, the most underestimations take place
under the highest heat flux. From these comparisons, it can be
seen that the influences of the thermal properties on the inverse
solution should be considered in the thermal system with large
temperature gradient.

The comparison between the exact heat flux and the inverse
solutions obtained with standard deviation n = 0.5% and n =
1.0% are shown in Figs. 4-5. It can be found from Figs. 4-5
that although the measurement errors are introduced, the inverse
method in this work can also obtain the satisfactory solutions. Si-
multaneously, the worse accuracy appears at the peak value and
bottom value of the heat flux.

To analyze the influence of the measurement times of N and
the number of thermal couples of M on the inverse solutions, an

—G1 -
G2 .

Inverse 1
Inverse 2

Q(X)

X
(a)

——G1 = Inverse 1

—— G2 e« Inverse 2

(b)

Fig. 3. Effect of variable thermal properties on the inverse solutions with no mea-
sure errors: (a) at T =0.1, (b) at X =0.45.

absolute average error in the estimated heat flux is defined as be-
low:

1 M N
ferr:WZZ|ij_Qﬁj| (40)

j=1i=1

Here, ij is the given heat flux GI1, Qﬁj is the heat flux ob-
tained by the measured temperature with the given standard de-
viations 0.5%. Fig. 6 illustrates the influence of the measurement
times and the number of thermal couples on the inverse solutions.
N are taken as 50, 55, 60, 65, 70, 75, 80, 85, 90, 95, 100 respec-
tively, and M are taken as 9, 18, 27, 36, 45, 54, 63, 72 respectively.
It can be seen that average errors decrease observably with the
increase in N from 50 to 75 and M from 9 to 54, but have no
any significant change in N from 75 to 100 and M from 54 to 72.
Simultaneously, some slightly rising variations take place, it is be-
lieved to be caused by increased computational errors.

It is known that the computational time and memory also in-
crease under larger measure times and number of thermal couples.
As a result, 100 x 36 measurement times and number of thermal
couples for all of the solutions presented in this paper except in
Fig. 6.

Fig. 7 illustrates the influence of measurement positions Y on
the inverse solution. The standard deviation is 0.5%. It is clear that
the positions more far away from the hot surface, the inverse so-
lutions are far away from the given heat flux. The same conclusion
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—G1Y=1
n=0.5%
* "=1%

20

15

0.0 0.2 0.4 0.6 0.8 1.0

20 :

. — Given 1 Y=1
1n=0.5%
* N=1%

15

T 10

a
5L
0_ 1 1 'I
0.0 0.1 0.2 0.3

Fig. 4. Inverse solutions with given case 1 heat flux and standard deviation 0.5% and
1.0%: (a) at T =0.1, (b) at X =0.45.

was drawn by Lin [15]. The worse accuracy appears at the peak
value and bottom value of the heat flux.

This phenomenon can be explained by Fig. 8. The solid tem-
perature distributions within the matrix in Fig. 8 are obtained at
one m. It can be observed that in the region from Y =0 to 0.8, the
variation of the solid temperatures are very small. For 0.8 to 1, the
solid temperature increase quickly. Therefore, the more far away
from the hot surface, the same absolute measurement errors will
lead to a larger relative error.

5. Conclusion

An inverse method for estimating the time-dependent heat flux
for transpiration cooling is presented in this work. The local ther-
mal non-equilibrium model and conjugate gradient method are
used to solve the inverse problem with the solid matrix temper-
ature measured. Through this work, the following conclusions can
be drawn:

e The inverse method for estimating the heat flux on the hot
surface can be successfully applied to solve transpiration cool-
ing problem.

—G2Y=1
n=0.5%
r|=1 %

QX)

T T T T T T J T ¥ T i T = T
0.00 005 010 0.5 020 025 0.30 0.35
T
(b)

Fig. 5. Inverse solutions with given case 2 heat flux and standard deviation 0.5% and
1.0%: (a) at T =0.1, (b) at X =0.45.

Fig. 6. Effects of measurement times and number of thermal couples on the inverse
solutions.

e In the numerical calculation of the inverse problem, the vari-
ations in the thermal properties should be considered in the
thermal system with large temperature gradient.

o Considering the computational time and memory, the suitable
measurement times and points can be chose for acceptable ac-
curacy.
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25

QX)

C I 1 " 1 n 1 " 1 n 1 L ] 1 " ]

0.00 005 010 015 020 025 030 0.35 040
T

(b)

Fig. 7. Inverse solutions with three sensor position and standard deviation 0.5%:

(a) at Tt =0.18, (b) at X =0.25.

e

=
o

o
i

=
U
Ut

Fig. 8. Temperature distribution in porous matrix of transpiration cooling.

e As the input temperature of the inverse problem, the measure-
ment point within the solid matrix should be close to the hot
surface for better accuracy.
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